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ABSTRACT

The recently advanced approach of wavelet transforms is applied to the analysis of ocean currents. The
conventional analyses of time series in the frequency domain can be readily generalized to the frequency and
time domain using wavelet transforms. An application of wavelet analysis to a set of observed current data
acquired during the spring of 1991 in Lake Michigan shows some significant time-localized characteristics that
would not be detected using the traditional Fourier transform approach.

1. Introduction

Fourier spectrum analysis has been used in the anal-
ysis of Eulerian current meter observations since power
spectrum analysis was introduced to oceanic studies.
With the further introduction of fast Fourier transform
algorithms and increased availability of new instru-
ments for measuring currents, spectrum analysis has
continued to be one of the standard procedures used for
analyzing observed current data.

Fourier spectrum analysis generally provides fre-
quency information about the energy content of ob-
served time series data. This information, however,
pertains only to the time span of the observational data
and its proper interpretation presumed that the data is
stationary. Changes and variations within a time series
cannot be easily unraveled. Stationarity in the data sim-
ply represents a statistical idealization. Its validity is
usually regarded as an approximation of the field con-
dition. The effectiveness of applying Fourier spectrum
analysis to a rapidly changing current field, such as
during frontal crossing or rapidly changing wind fields,
is questionable. The emergence of wavelet transform
analysis, which can yield localized time-frequency in-
formation without requiring that the time series be sta-
tionary, has presented a promising complementary ap-
proach to the traditional Fourier spectrum analysis, and
has provided significant new perspectives for the anal-
ysis of Eulerian current measurements. An exploratory
attempt to adopt the versatile wavelet transform anal-
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ysis to analyze an interesting episode of current mea-
surements during a spring atmospheric frontal passage
in Lake Michigan during 1991 is presented in this
paper.

2. Wavelet transform and rotary spectra

Following a standard formulation (Combes et al.
1989), we briefly summarize the wavelet transférm.
Starting with a family of functions, the so-called ana-
lyzing wavelets, i, (1), that are generated by dilations
s, and translations 7, from a mother wavelet (¢), as

l —
ert) = 7757 tlf(i-s-—T) :

|s

(1)

where s # 0, —~© < 7 < +», The continuous wavelet
transform of a time series X (¢) is then defined as the
inner product of ¢, and X as

X"(SY T) = (l/lST’ X>

- ——ls},,z f X(r)w*(’ . T)dz, 2)

or equivalently in terms of their corresponding Fourier
transforms

+%

X(s,7) = |s|"? X (w)*(sw)e ™ dw,

(3)
where an asterisk superscript indicates the complex
conjugate. In essence, the wavelet transform takes a
one-dimensional function of time into a two-dimen-
sional function of time 7 and scale s (or equivalently,
frequency).

The function to be used as a choice of mother wave-
let ¢(¢) can be either real or complex valued. But in
order for the wavelet transformation to be invertible, it
needs to satisfy the admissibility condition
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Wind and Temperature Data from NDBC Buoy 45007
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FiG. 1. Plots of wind speed, wind direction, air temperature, and water temperatures
recorded by NDBC buoy 45007 during 10-30 May 1991.
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which is equivalent to

+oo
10 = [ war =o. (5)
Thus, () should have zero mean with oscillations that
decay at infinity.
Now, regarding X (¢) as the current velocity vector,
it can be written in the form of a complex time function
as

X(6) = u(t) + (1), (6)

where u(t) and v(¢) are, respectively, the east—west
and north-south scalar components of the current mea-
surements. Their corresponding Fourier transforms are

X (w) = i(w) + d(w), (7

where #(w) and ¥ (w) are Fourier transforms of u(¢)
and v(¢), respectively. From (3) we can also have the
corresponding wavelet transforms as

X(s,7)=d(s, 7) + (s, 7). (8)

Here i (s, 7) and U(s, 7) are wavelet transforms of u(¢t)
and v(¢), respectively. In analogy with Fourier energy
density spectrum analysis, we can readily obtain the
wavelet spectrum (Liu 1994 ) for current vector data as

X (s, )X *s, ) = d(s, T)ia*(s, 7)

+ (s, TI*(s, 1),

(9)

or

|X (s, T)I? = la(s, T)|* + |9(s, 7>, (10)
A frequently used approach of current data analysis
is to resolve the velocity vector into two rotational
components —clockwise and counterclockwise
(Mooers 1973; Gonella 1972). [ A useful summary
of these techniques is given by Konyaev (1990).]
Analogous to the Fourier analysis approach, we can
convert the scales into frequency and represent the
wavelet transform of current velocity X (w, t) in the
time-frequency space as the sum of the clockwise U_
and counterclockwise U, components. Thus, at each
frequency at a given time, there are two rotating vec-
tors. The vector with positive frequency rotates coun-
terclockwise, and the vector with negative frequency
rotates clockwise as

U+(w’ t)= [U+(w7 t)|exp[_i0+(w7 t)]7 w=0
(11)

and

U_(w, ) =|U_(w,t)|explif_(w,1)], w=<0, (12)
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(a) Currents at 9 m
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(c) Clockwise wavelet spectrum at 9 m
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FiG. 2. (a) Current measurement at 9 m below the water surface. The top panel shows the time
series data of the two components of the current velocity [solid line for u(¢) and dashed line for
v(#)]. (b) and (c) Contour plots of the counterclockwise and clockwise components, respectively,
of the wavelet spectrum of the current velocity. The theoretical inertial period is marked as Ti
with a corresponding line drawn across the panel.

where 8. and §_ are the phase of the complex functions
U. and U_, respectively. If we further let the wavelet
transforms of Cartesian components i and ¥ be repre-
sented by their real and imaginary parts as

Hw, 1) =id(w, t) +id;(w, t) (13)

and
B(w, 1) = b(w, 1) + it (w, 1), (14)

then by equating the wavelet transforms in terms of
rotational components with that of Cartesian compo-

nents and considering that the real and imaginary parts
of 7 and ¥ are even and odd, respectively, we have, for
w=0,

U+(wa t) = Izr(wa t) - ﬁi(‘*)! t)

+ i (w, 1) + ¥(w, )], (15)
and for w < 0,
UAw,t) =d.(w, t) + ¥ (w, 1)

+ ildi(w, 1) = ¥ (w, )].  (16)

Hence, the counterclockwise and clockwise wavelet
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(a) Currents at 16 m
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(b) Counterclockwise wavelet spectrum at 16 m
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Fi1G. 3. Same as Fig. 2. Current measurement at 16 m below the water surface.

spectra can be readily obtained, respectively, in terms
of the wavelet transforms of Cartesian components as

[Us(w, D = [d(w, 1) — 3 (w, 1)]?

+ [Z(w, 1) + 0(w, D] (17)
and
|U-(w, )]* = [d(w, 1) + ¥ (w, D]?

+ [ (w, 1) = 3. (w, D]*. (18)

Thus, the conventional rotary current data analysis
in the frequency domain using Fourier transforms can
be directly extended to the time-frequency domain us-
ing wavelet transforms.

In the practical applications of wavelet transform, the
choice of appropriate wavelet is generally based on the

purpose of analysis (Farge 1992). In this study, we
choose to use the complex-valued, modulated Gaussian
wavelet known as the Morlet wavelet, readily available
and widely used in studies of geophysical processes.
This wavelet, originally proposed by Morlet et al.
(1982), is given by

lﬁ(t) — (eimt _ e—mZ/Z)e—tzlz. (19)
Its Fourier transform is
&(w) — (27r)1/2[e—(w—m)2/2 _ e—mzlze—wz/Z]’ (20)

where m = 5 is a constant parameter that renders the
second term in (19) and (20) negligible. We follow
Daubechies (1990) by adopting m = =(2/In2)'?
= 5.336 for our application in this study. For the cal-
culation of Morlet wavelet transform in practice, a ger-
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(a) Currents at 23 m
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F1G. 4. Same as Fig. 2. Current measure:

mane description of detailed procedures had been given
in Weng and Lau (1994). Note that since /(0) ~ O is
true only in an approximate sense, the Morlet wavelet
does not strictly satisfy the admissibility condition (5).
However, as we are not concerned with data recon-
struction here, Morlet wavelet with its advantageous
property of stable frequency localizations is well suited
for our studies.

3. Applications

As we have seen, wavelet transform analysis is a
logical generalization of the widely used Fourier trans-
form analysis for analyzing current vector data. Now
we wish to show how wavelet transform analyses of
current data can reveal characteristics of the current
vector time series that would be difficult, if not impos-

ment at 23 m below the water surface.

sible, to obtain from the usual Fourier transform. The
current velocities used in this application were mea-
sured using a moored acoustic Doppler current profiler
(ADCP) during a study of the vernal thermal front in
Lake Michigan during the period of 10—-30 May 1991
(Moll et al. 1993). The mooring was located 6.8 km
off the eastern shore of Lake Michigan near Grand Ha-
ven, Michigan, in 41-m water depth. A National Data
Buoy Center (NDBC) instrumented buoy (45007) in
the center of southern Lake Michigan provided wind
and temperature information. Figure 1 presents the time
series of wind speed, wind direction, air temperature,
and water temperature recorded from the buoy.

The 600-kHz upward-looking ADCP was pro-
grammed for 1-m depth cells and 15-min sampling rate.
The current velocities selected for this study was mea-
sured at five levels: 9, 16, 23, 30, and 36 m below the
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(a) Currents at 30 m
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(b) Counterclockwise wavelet spectrum at 30 m
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F1G. 5. Same as Fig. 2. Current measurement at 30 m below the water surface.

water surface. Plots of the east—west u(¢) and north—
south v(#) components of the measurements and con-
tours of the calculated wavelet spectrum for the coun-
terclockwise and clockwise components of the velocity
field at the five levels are shown in Figs. 2—6. In these
figures we have plotted the inverse of frequency (the
period), for the convenience of periodicity visualiza-
tion.

Examination of these figures shows some of the
interesting aspects of this dataset. Lake Michigan,
like other deep temperate lakes, undergoes a transi-
tion from isothermal, fully mixed in winter to ther-
mally stratified in summer during the recording pe-
riod. The onset of this transition appears to occur
around 16 and 17 May and correlates with the pas-
sage of an atmospheric front where a northward wind
field abruptly switched to southward with an increase

in wind speed and a decrease in air and water tem-
peratures (Fig. 1). The current field begins to exhibit
vigorous periodic oscillations at all levels. The wave-
let spectrum analysis of the current field clearly
shows the onset time of energetic clockwise current
oscillations at all levels at a period of approximately
17 h. The theoretical inertial period Ti shown by the
solid line drawn across, is 17.58 h for this location.
The lack of counterclockwise oscillations and strong
dominance of clockwise rotating motions near the lo-
cal inertial period is expected for summer lake con-
ditions, which are characterized by a well-mixed up-
per layer separated from a cold lower layer by a sharp
thermocline (Mortimer 1963, 1993).

In addition to the strong inertial oscillations, there
are also noticeable oscillations at the low- and high-
frequency ends of the wavelet rotary spectra shown
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(a) Currents at 36 m
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FIG. 6. Same as Fig. 2. Current measurement at 36 m below the water surface.

in Figs. 2—-6. On the low-frequency side, a persistent
oscillation of nearly 100 h in period appears in the
clockwise wavelet spectra along with strong inertial
oscillations at all Ievels. It appears also in the coun-
terclockwise wavelet spectra but prior to the onset
of strong inertial oscillations, especially at deeper
levels. This 100-h oscillation has been identified by
Saylor et al. (1980) as the lowest-order barotropic,
vortex mode of southern Lake Michigan.

On the high-frequency side, there are also series of
intermittent weak oscillations at slightly below 1-h pe-
riod that appear in both the clockwise and counter-
clockwise cases at all levels. These oscillations have
also been observed in the study of normal modes of
Lake Michigan by Rao et al. (1976) but not theoreti-
cally identified. The wavelet spectrum of wind speeds
(Fig. 7), recorded at NDBC buoy 45007 in the center

of Lake Michigan during the same time, shows similar
intermittent fluctuations at slightly below 1-h periodic-
ities. As the wind speeds are only hourly data, it is
uncertain if those high-frequency oscillations might be
wind generated. However, the persistent and energetic
process above 10-h period in the wavelet spectrum of
wind speeds shown in Fig. 7, corresponding to the
strong oscillations shown in Figs. 2—6, indicates that
the near-inertial motions are basicaily wind driven.
While conventional rotary spectrum analysis using
Fourier transforms generally identifies the clockwise
oscillations at the inertial frequency in the data, the
wavelet transform approach can further detect the spe-
cific time when the clockwise energy strengthened after
the atmospheric frontal passage. However, it is of in-
terest to note that an oscillation at twice the inertial
frequency that has been observed previously using
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Wavelet spectrum of wind speeds
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FIG. 7. Wavelet spectrum of wind speeds recorded by the NDBC buoy 45007.

Fourier spectrum analysis (Mortimer 1993) does not
seem to be present in the wavelet spectra. To facilitate
a direct comparison between wavelet and conventional
approaches, Fig. 8 shows the plot of mean wavelet ro-
tary spectra at 36-m level integrated and averaged over
time. Figure 9 is a plot of conventional rotary spectra
calculated using the fast Fourier transform (FFT) ap-
proach with hourly averaged data. The characteristics
shown in Figs. 8 and 9 are generally similar. The wave-
let results appear much smoother than the Fourier re-
sults, clearly the capability and flexibility of using a
broad range of scale decompositions in wavelet trans-
form is a distinctive advantage even for familiar spec-
tral representation and applications.

A further interesting aspect that can be examined using
the wavelet technique is to ascertain the direction of phase
propagations. Leaman and Sanford (1975) analyzed the
time series of vertical velocity profiles obtained with an
electromagnetic velocity profiler during the international
Mid-Ocean Dynamics Experiment and interpreted the re-

Mean Wavelet Rotary Spectra (36 m)
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FiG. 8. Mean wavelet rotary spectra at 36-m level. Clockwise and
counterclockwise spectra are shown by solid and dashed lines, re-
spectively.

sulting clockwise rotary spectrum as the evidence of
downward energy propagation, which corresponds to up-
ward phase propagation in the inertial waves. Direct ob-
servational evidence of this well-known feature does not
seem to be explicitly available. In essence, upward prop-
agation in phase should be readily visualized from si-
multaneous time series plots of either # or v component
of currents at different levels. Figure 10 presents a time-
series plot for resultant current speeds [(u* + v?)'/?] dur-
ing the intense period of inertial motions that shows man-
ifestly the distinctive forward phase shift as the currents
extended progressively upward.

This qualitative fact can now be demonstrated quan-
titatively using wavelet transforms. As the Morlet
wavelet is complex, its wavelet transform extracts both
amplitude and phase informations of the process. Con-
centrating on the phase differences between the current
speed at the 9-m level and those levels below it, and
by measuring these differences as deviations in radians
from 27, Fig. 11 clearly demonstrated that the phase

FFT Rotary Spectra {36m )
10 T T T
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F1G. 9. Conventional FFT rotary spectra at 36-m level. Clockwise
and counterclockwise spectra are shown by solid and dashed lines,
respectively.
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Current speeds at 9 m
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FiG. 10. Time series plots of the current speeds during the inertial motion intensive period.

propagates upward during the same inertial motion in-
tensive period of Fig. 10. This interesting and encour-
aging result serves to extend the validation on the use-
fulness of wavelet transform approach.

4. Concluding remarks

An example of applying wavelet transform analysis
to the study of current velocity time series data has been

Phase differences between current speed at 9 m and those at other depths
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FIG. 11. Phase differences between current speeds at 9 m and those
at other depths during the same intensive inertial motion period as
shown in Fig. 10.

presented. Wavelet transform analysis provides the po-
tential to examine the characteristics of the analyzed
time series in time and frequency domains rather than
in the frequency domain alone using conventional Fou-
rier transform analysis. It is clearly a significant step
toward analysis and understanding of current dynam-
ics. There are many important analysis issues that can
be addressed with this new and promising approach,
both on current analysis and wavelet transform appli-
cations. As a first attempt, we have shown the feasi-
bility and usefulness of using the wavelet transform
approach. Based on these results, wavelet analysis will
probably become part of an essential approach for cur-
rent data analysis studies.
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